ABSTRACT: This paper is to develop the position error equations including the attitude errors, the errors of nadir and ship's heading, and the errors of ship's position in the free-gyro positioning and directional system. In doing so, the determination of ship's position by two free gyro vectors was discussed and the algorithmic design of the free-gyro positioning and directional system was introduced briefly. Next, the errors of transformation matrices of the gyro and body frames, i.e., attitude errors, were examined and the attitude equations were also derived. The perturbations of the errors of the nadir angle including ship's heading were investigated in each stage from the sensor of rate of motion of the spin axis to the nadir angle obtained. Finally, the perturbation error equations of ship's position used the nadir angles were derived in the form of a linear error model and the concept of FDOP was also suggested by using covariance of position error.
INTRODUCTION
A free-gyro positioning system is to determine the position of a vehicle by using two free gyros. It is an active positioning system like an inertial navigation system (INS) in view of obtaining a position without external source. However, the FPS is to determine its own position by using the nadir angle between the vertical axis of local geodetic frame and the axis of free gyro, while an INS is to do it by measuring its acceleration.
In general the INS comprises a set of inertial measurement units (IMU's), both accelerometers and gyros, the platform on which they are mounted, including the stabilization mechanism if so provided, and the computer that performs the calculations needed to transform sensed accelerations and, in some mechanizations, angles or angular rates into navigationally useful information such as position, velocity and attitude. It is composed of a very complicated structure.
On the other hand, the free-gyro positioning and directional system consists of a set of two sensors of gyro axis motion rate and three sensors of the body frame, two free gyros, and the computer that calculates navigational information, position, etc. It is comparatively simpler than the INS. Park & Jeong (2004) investigated how to determine the gyro vectors of two free gyros and the position of a vehicle by using the gyros. The errors in the FPS were investigated broadly by Jeong (2005) . And the algorithmic design of free gyroscopic compass and positioning was suggested by measuring the earth's rotation rate on the basis of a free gyroscope (Jeong & Park, 2006; Jeong & Park, 2011) .
Meanwhile, the free-gyro positioning and directional system is thought to have its own errors. This paper is to analyze such errors theoretically.
Firstly, the errors of transformation matrices of the gyro and body frames, i.e., attitude errors, will be examined and the attitude equations be also derived. The perturbations of the errors of the nadir angle including ship's heading will be investigated in each stage from the sensor of rate of motion of the spin axis to the nadir angle obtained. Finally, the perturbation error equations of ship's position used the nadir angles will be derived in the form of a linear error model and the concept of FDOP will be also suggested by using covariance of position error.
Before the errors involved are discussed, the overview of the free-gyro positioning and directional system will be presented.
OVERVIEW OF FREE-GYRO POSITIONING
AND DIRECTIONAL SYSTEM
Determination of ship's position
The nadir angle,  , is given by an arbitrary position and gyro vector as shown as equation (1).
Here, Meanwhile the azimuth of the gyro vector from the north,  , is represented by equation (2):
where,
Once determining the position, we can also obtain the azimuth of a gyro vector by using Eq. (2). Park and Jeong (2004) already suggested the algorithm of how to determine a position. 
By taking the ratio of the two independent gyroscopic measurement, the heading,  , is computed by (4).      (5) cos sin
Equation (6) shows that if the north component of the earth's rotation rate can be known on the navigation frame, the nadir angle of a gyro vector,  , is obtained by (7), by integrating Eq. (6) incrementally over a time interval. 
. As a result, the shipʹs heading,  , is calculated by using the components of the spin motion rate according to equation (4) .
Next for ship's position, let's look into the nadir angle (Fig. 4) . The motion rate of the spin axis in the navigation frame, Next, using equation (2), we can also obtain the azimuth of the gyro vector,  , and ship's heading,  , which are modified by iteration. And ship's position is also corrected. In addition if only we know the northward component of ship's speed, we can also obtain the height, h .
PERTURBATION FORM OF ERROR EQUATIONS
This paper derives the error equations of the position and attitude by using linear error model forms (Jekeli, 2001 ; Roger, 2007).
Gyro frame and body frame error equations
Gyro frame error equations can be derived by the transformation matrix, 
where Ξ is a skew-symmetric matrix, which is equivalent to the vector,
, and is given by:
The differentiation form of b g C can be represented by the following.
The error matrix of b g C is also given by:
Taking the derivative of (10) yields
The error equation of equation (9) is given by:
where the perturbation in angular rate,
denotes the error in the computed value,
is expressed as:
Substituting (13) into (12) and equating (12) with (11), we can get
Substituting (10) into (14) and arranging it yields:
This is equivalent to the vector form given by:
where
 ω is the error in the rotation rate of the gyro frame relative to the body frame. This is separated by:
An error of this equation will be represented by:
Substituting (18) into (16) and rearranging it gives
Equation (19) shows the error dynamics of the gyro frame attitude.
Similarly, we can get the error equations of the body frame attitude as the following (20).
Here γ is the error angle of body frame attitude given by 
In addition, the error of the rate of motion of the navigation frame, 
Perturbations of error equations for nadir angle and ship's heading
In Fig. (3) , the rate of motion of the spin axis in the navigation frame,
We can get the error of this equation by using the differential operator,  . 
The error of the horizontal rate of the spin axis, LH  , is expressed as:
And also the error of the tilting rate of the spin axis,
Finally, the error of the nadir angle of the gyro vector,  , is given by:
Meanwhile the error of ship's heading is obtained as the following.
The error of the rate of the motion of the spin axis in the body frame, D  ω , is expressed as:
And the error of the rate of the motion of the spin axis in the navigation frame, N  ω , is given by:
where (29) Fig.5 shows the error dynamics in the navigation frame we discussed so far. 
Here, lock and tumbling. The alignment in the system also needs to be examined.
All these will be dealt with in the next papers.
